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Uniqueness of the Ground State in Weak Perturbations
of Non-Interacting Gapped Quantum Lattice Systems
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We consider a general weak perturbation of a non-interacting quantum lattice
system with a non-degenerate gapped ground state. We prove that in a finite
volume the dependence of the ground state on the boundary condition expo-
nentially decays with the distance to the boundary, which implies in particu-
lar that the infinite-volume ground state is unique. Also, equivalent forms of
boundary conditions for ground states of general finite quantum systems are
discussed.
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1. INTRODUCTION AND RESULTS

We consider a quantum system on a lattice, which is a weak perturbation
of a non-interacting system with a non-degenerate gapped ground state. A
rigorous perturbation theory for such models, relying on a suitable ansatz
for the ground state or zero-temperature path space expansions, was devel-
oped in refs. 2, 3, 5-7 and 10. In particular, it is known that the weakly
interacting model has a ground state with a spectral gap, which can be
obtained as the thermodynamic weak*-limit of ground states correspond-
ing to finite volume restrictions of the Hamiltonian with empty or periodic
boundary conditions. The question we address in the present paper is the
uniqueness of the infinite volume ground state. In general, a ground state
in a finite volume can be sensitive to boundary conditions, which can lead
to different infinite volume states in the limit. We prove that for the model
in question this is not the case.
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For translation-invariant ground states the uniqueness was proved by
Matsui in refs. 8 and 9. His method relies on the specific energy func-
tional, and the translational invariance is very essential for the proof.
Intuitively one would expect, however, that the uniqueness should hold
regardless of this invariance, as long as the perturbation is uniformly weak
enough. We give a different proof, where the translational invariance plays
no role. We consider ground states with most general boundary condi-
tions in a finite volume and show that the dependence of such a state
on the boundary condition exponentially decays with the distance to the
boundary. The infinite volume uniqueness then follows as a straightfor-
ward consequence. Physically this result is quite natural and expected, but
the mathematically rigorous analysis of ground states with general quan-
tum boundary conditions is not obvious. Though in this article we restrict
our attention to a model with a single non-degenerate ground state, we
expect that the method developed here can be used to study completeness
in more general situations, where, in particular, ground states with spon-
taneously broken translation symmetry (domain walls) can be present.

We give now precise statements.

We consider a quantum “spin” system on the lattice Z". Suppose that
for each x € Z" there is a Hilbert space H, (possibly infinite-dimensional)
associated with this site. For the restriction to a finite volume A CZ" we
will use the notation

HA = ®XEAHx-

The (formal) Hamiltonian of the model consists of a trivial non-interact-
ing Hamiltonian and a perturbation

H=Hy+ .

Here Hy is the non-interacting Hamiltonian

Hy= Z hy.

xezZ’

We assume that each &, is a non-negative self-adjoint, possibly unbounded
operator on H, with a non-degenerate ground state 2, € H;

7 Q=0
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and a uniform in x spectral gap

hx|'HX9§2x >1 (1)

(this is necessary and sufficient in order that the non-interacting Hamilto-
nian have a non-degenerate ground state and a spectral gap > 1; here and
in the sequel we slightly abuse the notation by denoting the one-dimen-
sional subspace spanned by €, with the same symbol). In order to define
the perturbation ® we fix a finite subset Ag CZ" (range of the perturba-
tion) and set

o= ¢, 2)

xezZ’

where ¢, is a self-adjoint bounded operator on Ha 4. (here Ag+x is a
shift of Ag). We will assume that the perturbation is small in the sense
that sup, ., lléx |l is finite and small enough.

The existence of a ground state for such systems can be handled
as follows. Let A CZ" be a finite volume and H, the restriction of the
Hamiltonian H to A with empty boundary conditions

Hp:=Hp o+ Py,

where

Hyoi=) he, ®ai= ) ¢ 3)

xXeA x€Z’:Ag+xCA

Since @, is bounded, Hy is self-adjoint with Dom (Hp) = Dom (Hy ). In
what follows we use the local algebra:

Acv= |J B,

ACZ,|A|<oco

where for any finite A by B(H,) we denote the algebra of bounded oper-
ators in Hp (A is a C*-inductive limit of B(H,); see ref. 2 for generalities
on quasi-local C*-algebras).

The following theorem was proved in ref. 10 (also see refs.11 and 6):
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Theorem 1. There exists a constant ¢, depending only on the per-
turbation range Ap, such that if sup, ||¢x|| <c then for any finite A the
Hamiltonian Hp has a non-degenerate ground state Q2 € H, with a spec-
tral gap >1/2

HAQA=EAQA, HalHpo0, 2 (Ea+1/21.
Moreover, let wgs A be the corresponding ground state on B(Ha)
wgs,A(A) = (AQ4a, Q1)

(4 is assumed to be normalized). Let A /Z" mean that A converges to
7' in the sense that it eventually contains any finite subset. Then there
exists a state wgs. 00 ON the local algebra Ay, which is the thermodynamic
weak*-limit of the finite-volume ground states

v

wgs,A(A) I a)gs,oo(A) for any AcAy.

In order to discuss possible non-uniqueness of the ground state we
need a general definition of a ground state. We define it using the stan-
dard local stability condition (see ref. 2).

Recall first that if G is a (possibly unbounded) self-adjoint and A a
bounded operators acting in the same Hilbert space then, by definition,
their commutator [G, A] is a bounded operator B iff Dom (G) is invari-
ant under A and

GAv—AGv=Bv
for all ve Dom (G). For any finite A let
Da:={A€B(Hn):[Ha o0, A] is bounded},

where Hp o is defined in (3). Clearly, Do, CDp, for Aj C Ay, so we can
define

D:= U DACAOO.

ACZ | A|<oo
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For any A consider the set A obtained by adding all sites interacting
with A

A= U (Ag+x).

x€Z":(Ag+x)NAAD

Now for any finite A and A €D, the formal commutator §(A)=[H, A] is
defined rigorously by

8(A):=[Hg, A]=[Hn 0, A+ [P, Al e B(Hp).
This consistently defines §(A) € A for all AeD. We adopt now the fol-

lowing

Definition 1. We say that a locally normal (i.e., given by a density
matrix) state w on A is an infinite volume ground state of the Hamiltonian
H, if

w(A*§(A)) =0

for all AeD.

It will be convenient to consider also ground states in finite volumes;
see ref. 4 for a discussion of possible definitions of equilibrium states in
finite quantum systems with general boundary conditions.

For any A, let A° be the part of A not interacting with the exterior

A=A\ U (Ag+x),
x€Z":(Ag+x)N(Z"\A)#WD

so that A° C A and hence 8§(A) € B(Hp) if AeDyo.

Definition 2. For any finite A, we say that a normal state wa on
B(Ha) is a finite volume ground state of the Hamiltonian H, if

w(A™8(A) >0 “4)

for all AeDpo.
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This definition plays a central role in the paper. It is possible to
describe boundary conditions explicitly: (see Appendix A)

Clearly, a restriction of an infinite volume ground state to a finite vol-
ume is a finite volume ground state in the above sense; on the other hand,
a weak*-limit of finite volume ground states is an infinite volume ground
state. The state wgs o of Theorem 1 satisfies Definition 2, because §(A) =
[Ha, A] for Ae€Dpo. Therefore the state wgs 0o of Theorem 1 is an infinite
volume ground state in the sense of Definition 1.

Now we state the main result of the present paper as the following
theorem.

Theorem 2. There exist positive constants c, ¢y, ¢», depending only

on the range Ao and with ¢; <1, such that if sup, ||¢x|| <c then for any

finite volume A, any two finite-volume ground states 'y, »’; of the Ham-

iltonian H in A in the sense of Definition 2, and any / C A one has
1| _dist(I,Z"\A° .
) (4) =i ()] < leS™ TEN A if AeB(H)). ()

Taking the limit A /Z", we immediately obtain

Corollary. If sup, ||¢x]l <c then the state wgs 0 of Theorem 1 is a
unique infinite-volume ground state of the Hamiltonian H.

Our proof uses some form of cluster expansions and is rather tech-
nical. Therefore, we first fix ideas in Section 2 by considering the simpler
special case of perturbations preserving the ground state. The general case
is treated in Section 3.

2. PERTURBATIONS PRESERVING THE GROUND STATE

In order to fix ideas, in this section, we prove Theorem 2 for the spe-
cial case of perturbations not destroying the ground state. For any A’ CZ"
we denote

Q7,0 :=Qxepn’ 2.
We assume in this section that
¢X QAO-‘:—X,O :Oa V-x

It follows then that for any A the vector 2, ¢ is an eigenvector of the
operator Hp

HxQ2p 0=0.
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If sup, [|¢«| is small enough, namely sup, [l¢x|l <1/|Ag|, then by the spec-
tral gap condition |Ag|~! > vengix iy +¢: >0 and hence Hp >0; 50 Q40
is a ground state of Hp (i.e., 24 =4 o in this case). We will see that the
difference between this ground state and any other ground state w in A
in the sense of Definition 2 can be estimated as in (5). To this end it will
suffice to use the local stability condition (4) with a family of single-site
operators A. Let us denote

H;ZerQx

For any u, € H, we introduce the one-dimensional (“creation” or “spin
raising”) operator i, on H, by

wyv=w, Q)uy, veH,. (6)

(As usual, we can also consider uy as acting on H,s for any A’>x.) The
adjoint operator u} is then given by

wiv=(v,uy)Q, vVEH,.

These adjoints are the operators which we will substitute into (4). This
choice of trial operators is natural, since we expect that, when used on a
state, they should generally lower its energy. In what follows, if S is a vec-
tor or a subspace in the Hilbert space H,s for some A’, then by Ps we
shall denote the corresponding projector onto S in Ha/; A’ is not indi-
cated in this notation, because which A’ is meant in a particular situation
will be clear from the form of the set S.

We claim now that using the local stability condition (4) with opera-
tors wt for some x € A° yields the inequality

1
2|y ]

o(Pr;) <

D o(Py), @)

yely

where ', is a neighborhood of the site x

= J o+w.

y:Ao+ysx
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We postpone the proof of this claim, and show now how it implies the
desired estimate (5). Note first that by considering these inequalities for all
x € A° we can conclude that

®)

1 dist (x,Z"\A°)/ diam (Ag)
5)

o(Py) < <—

Indeed, for any x € A we have w(Ppy) <1. For any x € A? using (7)
we have w(Py;)<1/2. For any x such that I'y C A® using (7) we have
(P ) <1/4, ete.: (8) is proved by iterations.

The exponential bound (8) for expectations of single-site projectors
easily implies the estimate (5) for general local operators. Indeed, suppose
that A e B(H,) for some I C A. In order to estimate w(A) — (AR 0, 24.0)
we represent it as

@(A) — (AQ4,0, 24,0) = 0(Po, (APr,00,,) + ©(Pr00,0AP;,)
+w(PH1691,oAPH1691,0) + (w(PQI.oAPQI,o)

—(AQ4 0, 24,0))- )
Note that
Prr,00r,0< D Pr,. (10)
yely

Using Cauchy inequality, we estimate now the first term on the r.h.s. of (9)

lo(Pa, yAPr,00,)| < (@(Pr,00,,)"*(@(Pg, ,AA* P, ))'/?
(

<
< (@(Prye0,,)) P IAl

dist (1,Z"\A°) /2 diam (A¢)
1/2 1
< | 5 A1,

where in the last inequality we used estimates (10) and (8). The second
and third terms in (9) are estimated in the same manner. For the final
fourth term we have

a)(PQ]'()APQ]'()) - (AQA,()’ QA,O) =w(B)a

where B = PQIVOAPQI.O — (AQA.0,24.0)1. Since A € B(H;) C B(Hya), we
have PQI,OAPQI,O =(AQ4 0, QA>O)PQI,O and hence

B=—(AQ4 0, Q4,00 PH;09;,-
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Now w(B) can be estimated using inequalities (10) and (8) analogously to
the other three terms in (9). That proves Theorem 2 in our present special
case.

In the remaining part of the section we show how the inequality (7)

follows from the local stability condition.
If u, € Dom (hy) N'H,, then

——k
[hy, Wy]=—hyuy .

It follows that:
——k
S(i?kx):[hX’ﬁ,t]_’_[cbxvﬁi]:_hx“x +[<bx,m],

X

where

D= Y 4y (11)

yiAot+ysx
Condition (4) implies then that for x € A
@ity ) — 0@ D%) + o @A D,) <O. (12)
We argue now that (12) implies
o(Prg) < | @xllo(Pry,) — o (Pry, ®y). (13)

Indeed, let us first consider the case dim H, < oo. For any unit vector u, €
H/, we have

uyuy =P,
and
Uy Oxtty < ||y lluxtty =[Py || P, -
Now if u, is an eigenvector of h, with an eigenvalue A, then (12) implies

)\w(Pux)g”q)x||w(PuX)_w(Puxq>x)~ (14)
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Let uy 1, ... ,uy, be an orthonormal eigenbasis for A, in the subspace H.,.
By the spectral gap condition, the corresponding eigenvalues are all not
less than 1. Summing now the inequalities (14) for these eigenvectors and
using the identity

Y Pui =Py (15)
k

we obtain (13).

In the case of infinite-dimensional H, one can first approximate &, by
an operator with pure point spectrum. For a small positive € consider the
function «. :a > €[a/e], where [-] is the integer part. Then hy  :=«c(hy)
has pure point spectrum, while the norm of the difference g :=hy ¢ — hy
does not exceed €. Let uy 1,uy2,... be the eigenbasis for Ay ¢; the corre-
sponding eigenvalues then are all not less than 1 —e. For any u, e H, N
Dom (hy),

% %
Uyhyuy Zuxhx,eux +Puxgx,e-

Now if u, is an eigenvector of Ay ., then we have the inequality
(1- E)a)(Pux) +a)(Puxgx,e) < ||q)x||a)(Pux) _a)(Puxcbx)a (16)

analogous to the inequality (14). Again we have the identity (15), now
with a strongly convergent series on the L.h.s. Summing the inequalities
(16) for all eigenvectors and using at this point the normality of the state
to take the limit, we obtain

(I =€) (Pr;) + @ (Pry 8x.e) < 1Pyl (Pry) — 0 (P, Pr).

Since |w(Pp, gx.e)| <€, letting € — 0 proves (13).
By definition (11) of &, its norm does not exceed |Ag|sup, [|¢xll.
Hence it follows from (13) that:

(1= |Aglsup [lpx N (Pr;) < o (Pry, @)| < (@(Prg) (@ (95))/

by the Cauchy inequality. Therefore,

o (Pyy) < (1—|Aglsup [[¢x ) 2w (D). (17)
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Recall that by our assumption in this section ®,Qr o=0 and hence

2 2 2
@5 = Prr o9r, 0 Px PHr, 09, o < P3N P, eQr, 0

It follows then from (17) and (10) that

|Aolsupy lgell \?
(P ) < ( (P ),
S\ 1= Aolsup, [yl y;x y

which implies the desired inequality (7), if sup, |[¢x| is sufficiently small.

3. PROOF OF THEOREM 2 IN THE GENERAL CASE

We will prove Theorem 2 in its general form by a suitable gener-
alization of the argument used in Section 2. As before, we can obtain
one ground state in A simply by considering the Hamiltonian H, with
empty boundary conditions. As stated in Theorem 1, this Hamiltonian
has a non-degenerate ground state, corresponding to the vector Q,, which
can in principle be used for comparison with other, general ground states.
However, the new element now is that the state (-Q4, 24) is no longer a
product of single site vector states, and hence the deviation of a general
ground-state from this special state cannot be measured simply by expec-
tations of single-site projectors. This difficulty can be handled by appro-
priate transformations in the local algebra. The ground-state vector 2,
and the product vector 4 o can be obtained from one another using a
suitable “dressing transformation”. By using related automorphisms of the
algebra one can in a sense reduce the problem to the “non-entangled”
case of Section 2. The deviation from (-Q4, 24) will now be measured
by some quasi-local positive perturbations Q. of the projectors Py (see
Lemma 2). The statement of Theorem 2 will then follow from the small-
ness of those deviations by some sort of cluster expansion.

In this section, we adopt for brevity the following convention. We
will denote by ¢ and e various (generally different in different formulas)
positive constants, which do not depend on the volume A, though may
depend on the interaction range Ag. We write € if this constant can be
chosen arbitrarily small by choosing sup, ||¢y|| small enough; on the other
hand the constant c¢ is typically greater than 1 and does not depend on
sup, ||¢x|l. We will omit some standard cumbersome calculations typical of
cluster expansions.
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We begin with some preliminaries concerning the structure of the
ground state vector Q4 and related “dressing transformations”. An impor-
tant role in our proof is played by the following ansatz for this vector
(ref. 10, also see refs. 1 and 7).

For any I C A set

/ /
1= ®erHx,

where H,. =H, ©Q, (with H/,=C). It follows that:

Ha©Q0= P M ®Qavr0. (18)
DAICA

Vectors from 7, will be denoted by uy, v;, etc. For each u; € H); we intro-
duce a “creation” operator u; in H; by

upv=,Qrou;, veH;,

like in (6) (with %y a scalar operator). A useful property of these operators
is that for any 7, J and uy, vy

[0 if 1NJ#£0,
UIVT =Y ey if INT =0

In particular, they commute. For any v e H such that (v, Q24 0)=1 there
exists a unique collection {v; € H)}yz;ca such that exp(Z@#C,\ 7)Qa,0=v
(these v; can be obtained by truncation from components of v appearing
in the decomposition (18)). Let €, be the ground state vector of H, nor-
malized so that (Qa,Qa0) =1 (i.e., Q4 :=Qa/(Qa.240)). Initially the
non-degeneracy of the ground state and its non-orthogonality to Q4 o is
clear from the usual finite-volume perturbation theory for sufficiently weak
perturbations in each particular volume, and it can be shown that the esti-
mate for the perturbation, which ensures this property, can actually be
chosen uniform in the volume. Let {v}gs) € H}}pica be the correspond-
ing collection such that

QA =exp( Z ﬁﬁg‘v))QA’o.
DAICA



Uniqueness of the Ground State 131

Lemma 1. (ref. 10) For any € >0, if sup, ||¢«|| is sufficiently small
then

(&s) ) _—(d;+1)
max <1, 19
max > vy e (19)
ICA:xel
where d; is the minimal length of a connected graph containing /.

In what follows we will use the (non-involutive and non-norm-
preserving) automorphism « on B(H,) given by

ay=exp( Y. ) Aexp(= Y 7). (20)

D#ICA DAICA

We denote the inverse automorphism by «_ and also denote o*(-) =
(a(-))*. A useful property of @ (and similarly o, «*) is that it can be
expanded into a commutator series

N

Yoo LA, 1)
W;éll,... UgCA

> (=1
ai=3.
s=0 :

If AeB(H;) for some I C A, then the summation in the above series can
be restricted to those terms, where Iy NI #¢ for all k, because the remain-
ing terms vanish due to the commutativity of the creation operators. In
particular, using this expansion and Lemma 1, it is easy to obtain an esti-
mate of the form

la(A) | <Al AeB(H) (22)

with some ¢ > 1.
Commutativity of creation operators implies for any u;

a(uy) =a_@)=uy. (23)

Let Hy=Hpy—E al, where Ej is the ground state energy of Hy, so
that

HpyQp=0. (24)
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There is a convenient commutator expansion for oz,(l'-IvA) — Hpp. Note
first that for any u; € H; N Dom (Hy ), I CA,

[Ha.o0.5ir)= Hyou;. (25)
Using (23), (24), it follows that:

o (HA)i1Qn,0 = e (HAT)QA 0
= a_([Ha, @1)Qa0
=a_([Ha, ur1])Qx,0
= a_([Ha 0, u1])2a,0 +a—([Pa, w1240
= I'I/I,O\MIQA,O +oa_ ([P, u1])4,0-

Hence a_(ﬁA) — Hp o is a bounded operator such that

(- (Hp) — Hp 0)i1Qp 0 =0 ([® 4, TR0

21
> - ¥ S Ll @) 501 5 1200, (26)

s=0 """ x:Ag+xCA  @#£I,...,I;CA
(Ao+x)NT#D [N(Ag+x)#DVk

After these preliminaries we begin the proof of Theorem 2. First we estab-
lish an analog of the estimate (8). Let us fix some finite volume A with the
interior A° and consider the automorphism o :B(H o) — B(Hao) defined
as in (20), but with respect to the set A (and w.r.t. the correspond-
ing Hamiltonian Hpo and its ground state Qx0.) Let uy 1, u,2,... be an
orthonormal basis in /. for some x € A’ and set

Qr=) a* @k e ,).
k

It is easy to see that Q, does not depend on the choice of the basis. If
dimH) = oo, then the r.h.s. is an infinite sum of non-negative operators;
it is strongly convergent because

> A% (BB A< | B*B|| Y A*iiy iily  A=|B*B||A* Pyy A.
k k

We will prove now
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Lemma 2. If w is a ground state in A then
w(Qx) ngISt(x’Z \A ). (27)

Proof. We follow the argument in Section 2, but now use the local

stability condition (4) with operators of the form « (%), x € A°, instead of

o
MX

w (@ U)[Ha, )]

:w(oz*(fi*x)[HAo,ot(ff;)])—i-w(a*(ﬁ;)[ 3y ¢y,a(a§;)])>o,
y:Ao+yCA
Ao+y¢A°

(28)
where we have isolated the boundary interaction. Next we write

[Hpo, a(@5)] = [Hpo, ()]

= a(fa—(Hpo), T
a([Hpo0, 05D +a([o— (Hpo) — Hpo 0, @5])
— —a(fgiy ) +a(a—(Hne) — Haop, T2D.

Let

a_(Hpo) — Hpo 0= Z vy,
JCA®

where the operator W, is defined by the sum of those terms in the expan-

sion (26) for which (Ag+x)U (Uxlx) =J. Note that [V, ut]=0if x ¢ J.
Let

V=) Wy

Jox

it follows then that:
%
[Hae, O((/Lt\;)] = _a(hxux ) + o (Wy), Ol(it\:)]
Lemma 1 implies

W) <ed (29)
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and this in turn implies | (¥, )| <€ by (22). Now one can proceed in the
same manner as in Section 2 by choosing orthonormal eigenvectors of Ay
and adding corresponding inequalities (28). This yields

() 2@ (0@ (@ (W)a(W)) 2+ EEMD - 3)
because
> 0@ @ e pa@)| = 0@
k

1/2
< @@ (0@ (Wa(w))
> o@ @ e )| < 3 le(@llo@ @ Y )
k k

< €w(Qx)

and because by similar estimates and Lemma 1

So(e@o] X ne@])|<eter
k

y:Ao+yCA
Ao+y¢A?
Inequality (30) implies
(0 <4( (e (Wa(W) ¢ A0), (D)

By Cauchy inequality

w(@* (W) (W) < Z lw (@™ (W) (¥)))]
I>x,J3x

< Y (o @awn) (o @awn) @)

I>x,J>x

= (Z(w(a*(\lll)a(‘lll)))l/z)z.

I>x

We will now estimate this expression using the following Lemma.
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Lemma 3. There exists a constant ¢ such that if A € B(H;) and
AQ; =0 for some non-empty I C A° then

a*(Aa(A) < AP Q..

xel

Proof. Without loss of generality assume that ||A|| < 1. We have to
show that B >0, where

B=Y 0. —c a*(A)a(A).

xel

This is equivalent to showing that «_(B) — A is invertible for any negative
A, because a_(B) is similar to B. To this end using (21) we expand

@ (Q) =Y o (a* @ )k,
k

o0
1
yyLy oy
k p,q=0 I,.... 0p: J1sendge

I;5x Vs Vit 3s: JiNIs#D

~  ~(gs) ~(g$)x7 ~(g5) ~(gs)
N [ PP 7 Ty AP 1 sl A sy AP ,v,j‘ 1 -

It is easy to see from this expression and Lemma 1 that

(0= (14 Res) Pre,

Jox
where R, j € B(H;) and ||R, s|| <e¥*!. Let
a_(B)y=L+V,
where

L=ZPH;, V=Vi+V,,

xel

Vi = ZZRLJPH;, Vo =—c Mla_(a*(A))A.

xel Jax



136 Yarotsky

We will prove that «_(B) — A is invertible using the resolvent identity

@ (B)—n'=) (-Dir-n'va@-nht

k=0
We will introduce a new norm | -||; in Hae, which is equivalent to the
usual norm |- || but such that |[V(L —A)~!||; <1, which ensures that the

above series converges and the resolvent exists. To this end we decompose

Hpe= @Kclgg),

where
6 =Hy ®Q
x =Hx ®Qnk,0®Haos
and set
lollr= ) gl
Kcl
where Vg is the projection of v to g}?. Note that L|g(1> =|K|1 and hence
K K
_ _ IVoullz
IV(L=2""lr=sup sup [V(L—1)""vll;=sup sup ———. (33)
KCl yegD KCl yeglh K|—2

llvll=1 lvll=1

Note first that if K =¢ then V|gu) =0 by assumption on A, hence supg;
[

in the above formula can be restricted to sup over non-empty K. Next,
similarly to (22) one can prove

la—(@* (ANl <Al AeB(H))
with some constant ¢’ and hence, if ||A] <1,
IVallr = lle M (@* (AN Al <2 e e (@* (A Al < 2 /o) < 1/3

if ¢ is chosen larger than 6¢’. Next, if v egﬁ(” then

Vw:ZZRx,Jv.

xeK Jax
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It’s easy to see that ||R, ;s <4/I|R, ;| (regardless of I) because R, ;€
B(H ;). Therefore for v eg}{”

Vvl <IK1Y @™ o],
J30

which is not greater than |K|||v||/3 for ¢ small enough. So we see that for
a negative A the r.h.s. of (33) does not exceed

sup (k/3+1/3)/k=2/3,
k=1,2,...

which completes the proof. ||

Using inequalities (31) and (32), Lemma 3 and estimate (29), one
obtains an estimate of the form

w(Qy) < Z é‘x_y""lw(Qy)_Fedist(x,Z \A%)
yEA?

Our claim (27) then follows by iterations, as in Section 2. |

Now we show how Lemma 2 can be used to prove the desired esti-
mate (5) of Theorem 2. First we claim that it suffices to establish it for
creation operators u;. To see this take any operator A € B(H;) and rep-
resent it as a(w—(A)). Using the commutator expansion and Lemma 1, it
follows that:

a(A)= Y B;, B;jeB(H,)).

JCA°

where

D UBsllem <Al (34)
J

where d; ; is the minimal length of a (not generally connected) graph con-
taining J and connecting any point of J with some point of 7. Now, for
any J there is a (unique) expansion

B]ZZﬁ([fJ)"_E], where EJQ]’():O (35)
KcJ



138 Yarotsky

the vectors u(,f’ ) €H), are determined from the expansion

B
B;Qy0= Z u%”@QJ\K,O'
KcJ

B < |1Byl, we have

Since ||u
1Byl < @Y1+ 1)1 B . (36)
By Lemmas 3 and 2
o @(B)| < @(@* (BpaBn) 2 < || By llc1/2]7)/2e St ENAD2,
Now using the estimates (34), (36) and the inequalities
dist (Z"\ A%, J) = dist (Z"'\ A°, I)—dy.;, |J|<|I|+dy.1, (37)

one finds an estimate of the form

‘(X)( Z a(E_]))’ gClIlédiSt(Zv\Ao’I)”A”. (38)
JCA°

Now if o', w” are two different ground states in A, then

W (W)= WI < | 3 Y o (@@f) - o (@@

JCA°KCJ
+o'( > oe(fa',))‘Jr o"( ) a(E,))‘
JCA° JCA°
<Y YW@ o @+ 26 e END 4
JCA°KCJ

Using again (34) and (37), we see that if Theorem 2 holds for operators
uy, then it holds for all operators (perhaps with a larger constant cy).

In order to show that Theorem 2 holds for these special operators we
develop a system of linear equations for their averages. Let IC be the linear
space of operators of the form
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We will obtain below an equation of the form

u=Tu+THu+Tzu (39)
with some linear operators 7, 75,73, where 71 : K — K is a contraction,
Tou is a scalar operator, and 73u has small w-average. To this end, take
some nonempty / C A?, fix some x €/ and let I'’=1\{x}. Let u; € 1.
Choose an orthonormal basis uy 1, uy 2, ... in H, and consider the expan-

sion

uy :ZMx,k QU ks
k

where uy ;€ H), and ), ||u1/,k||2= luz]l?. Note that by Cauchy inequality

172

. . 12 .
‘ Zw(a*(@,k)uz/,k)‘ < (Zw(a (ux,k)a(ﬁ*x,k))) (Zw(ﬁ”},kuzak))
k k k
= (@(Q) " lur (@ (Pay, )/ < llupfle Bt EENAA, (40)
On the other hand we write

S @ g =a( Yo (@t @ ) ) (41)
k k

and then expand o_(a*(w},)) into a commutator series. As a result we
obtain on the r.h.s. an expression of the form «(...) with the leading term
in brackets being Y, Uy xuy x =y, other terms being of the form

Z Ait\x,kB’u\p,k (42)
k

with some operators A, B. It is easy to see that for any A, B the series (42)
strongly converges to an operator C with

ICI< AN B s ]l- (43)

If Ae B(Hy), BeB(Hk), then C € B(Hjusuk). We consider next for any
such C the expansion

c= Y w04 (44)
LCIUJUK
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with 5Q]U]UK1()=0. Note that here
VO =0if IN\(JUK)¢L (45)
.= .

After these expansions the r.h.s. of (41) takes on the form

i+ > +a(Cup)),

JCA°

where the second term is obtained as the sum of all creation operators
appearing in (44) for all terms in the commutator series (we use here the
identity «(v;) =7;), and C(ul) is the contribution from the operators C.
We define now

Tiuy = — Z 3(Ju1), Thuy =—’17é;u1)7
W#J CA°
Tity =ity — Tyity — Toity =y o™ (@5 )ity — o (Cup))
k

and extend to K by linearity. Using the commutator expansion, Lemma 1
and (43), (45), we have

10 o < g leremens (46)
and also, like in (38),
|o(@(€un))| < cMledStENAD |y, . (47)

Suppose that K is equipped with the norm

. v
1> drlle= Y luglc!ledst@EAALD,

P£ICA® P£1CA°

Using the inequality (46) with € small enough, one finds that ||71|[x <1/2.
Now for any ground-state w we have

o) =w(T1) + o(1o0) + o(T30).
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Since 770 is a scalar operator, the second term in the r.h.s. is the same for
all states. Suppose that we have two ground states ', ®”, then

o' @) — 0" @) =o' (T10) - " (711) + o' (T30) — " (T0).
If feC* is a continuous linear functional on X, then its norm is given by

. v
Ifllcs= max sup [f(iay)lc ! lem dSLENATD,
PEICA? |luy|=1

Let £/, f” be the restrictions of the ground-states ', »” to K, and g’, g’ be
given by g'(0) =’ (73u), g’ (M) =" (7310). It follows that:

f_f = 7—1*(1-/ _ f//) + g/ _ g//’

where 7, is the adjoint of 77 and ||7*|/x+ =171 llx < 1/2. Using estimates
(40) and (47), one finds that ||g’|c*, lg” |l <2. It follows that:

" — £l <8,
which yields the desired estimate (5) for operators u;.

APPENDIX. GROUND STATES OF OPEN QUANTUM SYSTEMS

In this Appendix, we want to explain how a boundary condition can
be explicitly defined for a state satisfying Definition 2. We adopt here a
more abstract setting and also assume for simplicity all the Hilbert spaces
to be finite dimensional. Let H be a Hamiltonian (= any self-adjoint oper-
ator) acting on a Hilbert space . As usual, a state w on B(H) is said to
be a ground state of H if it minimizes the expectation w(H). It is a simple
exercise to check that a state w is a ground state if and only if

w(A*[H, A) >0 (A.1)

for any A€ B(H).

Let us now consider an open system with the Hilbert space H; ® Hp,
where H; describes the “internal” part and H, the “boundary” part. Sup-
pose that its evolution is governed by a Hamiltonian H; (acting on H; ®
‘Hp), but the boundary can also interact with some “external” degrees of
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freedom forming a Hilbert space H,, via a Hamiltonian H, (acting on
Hp @ H,), so that

H=H +H,

is the full Hamiltonian, acting on H; ® Hy ® H.. Suppose now that w is
a ground state of H. Let w; be the restriction of w to B(H; ® Hp). Note
that [H, A]=[H,, A] for A€ B(H;), so using (A.1) we find

w1 (A*[H], A]) >0 for AeB(H;). (A.2)

One can ask now if the converse holds: given a Hilbert space H; ® Hp,
a Hamiltonian H; on it and a state w; obeying can one find a Hilbert
space H, and a Hamiltonian H, on Hj;, ® H, such that w; is a restriction
of a ground state of H|+ H»? It turns out to be true if “infinitely strong”
interactions are allowed (we need to compactify the space of interactions,
because the set of ground states is compact). We say that H, is a gener-
alized Hamiltonian on H, ® H, if H, is actually a self-adjoint operator
on a subspace G C Hpy ® He, G # {0} (so that formally (Hyv,v) =+oc0 for
veHp, ®H.\G). If Hy is a usual Hamiltonian on H; ® Hj, then the sum
of Hy and H, is a self-adjoint operator on H; ® G, defined as a quadratic
form

(Hv,v)=(Hv,v)+ (Hv,v), veEH;RG. (A.3)

Any state on B(H; ® G) (and in particular a ground state of H) can be
considered as a state on B(H; ® Hp ® H.) and hence restricted to B(H; ®
‘Hp). Now we can state

Proposition. Let H; be a Hamiltonian on H; ® H; and w; a state
on B(H; ® Hp). Then the two conditions are equivalent

(1) w1(A*[H1, AD 20 for all AeB(H,;),

(2) there exists a Hilbert space H, and a generalized Hamiltonian H;
on Hjp ® H, such that w; is a restriction of a ground-state w of H, defined
as in (A.3), to B(H; ® Hp).

Proof. We prove (1)=(2) (the converse implication is straightfor-
ward). We define w simply as a purification of w;: choose some H,
and a unit vector w € H; ® Hp ® H, such that (Aw,w) = w((A) for all
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A € B(H; ® Hp), then set w(-) := (-w, w). Next we take a biorthogonal
decomposition of w

w:Zuk(X)vk,
k

where {uy} is an orthonormal family in H; and {v;} an orthogonal family
in ‘Hp ® H, with all |Jvg] > 0. Let subspaces F and G be spanned by {uy}
and {vg}, respectively. Below we will define the operator H, on the sub-
space G. Let Hyw=w'=w] +w), where w| and w) are projections of w’
on H; ®G and H; ® (Hp ® H, © G), respectively. Note that condition (1)
implies

w1([Hy, A])=0 for AeB(H,;)
(stationarity of wj). Indeed, this follows by substituting A+¢ for A in con-
dition 1) and equating in the resulting, linear in ¢ expression the ¢ coeffi-
cient to 0. Now if RanA CH; ©F then F Cker A* and hence
0=wi([H1, A]) = (Aw, Hiw) — (Hjw, A*w) = (Aw, w') = (Aw, w}).
It follows that w} € F®G and therefore there exists a (unique) linear oper-

ator Hy on G such that w] =—Hyw. Let us show that H; is self-adjoint.
Let Ay be a matrix unit in the {u;} basis

Apug=uy, AplH;ou =0
so that A}, = Aj. Using again the stationarity, we have
0=([H1, Ax]w, w) = (Ayw, wy) — (W}, Agw) = —(vk, Havp) + (Havg, vp),

which proves the self-adjointness. Now it remains to check that if H is
defined by (A.3) then w is its ground-state vector. Since [H;, A]=0 for
A € B(H;), by condition (1) for such A

0<([Hi+ Hy, Alw, Aw) = ((H| + H)) Aw, Aw),

because (Hy + Hy)w =w) € H; ® (Hp ® He ©G), whereas {Aw|A € B(H;)} =
H; ®G. It follows that if H is defined as in (A.3), then Hw =0 and (Hv, v) >0
for all v € H; ® G, which proves that w is a ground state of H. ||
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The above Proposition makes the meaning of Definition 2 more clear.
The inner spins from A interact only with other spins in A as prescribed
by the formal Hamiltonian, while the boundary spins from A\ A’ are
allowed to interact with some external degrees of freedom in an arbitrary
manner. Definition 2 then describes the restriction of a ground state of the
whole system to B(Hy).
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